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Abstract In this paper, the lower-bound techniques of limit analysis are applied to obtain lateral earth
pressures of rigid retaining walls subjected to earthquake forces. The well-known Mononobe–Okabe
analysis is a direct modification of the coulombwedge analysis. In this analysis, the earthquake effects are
replaced by a quasi-static inertia forcewhosemagnitude is computed on the basis of the seismic coefficient
concept. This paper is describing an analytical solution to investigate the lateral force affect on retaining
walls, using mathematical relations based on a lower bound limit analysis method. The lower bound of
the exact solution can be obtained by use of different admissible stress fields in different regions of the
media divided by stress discontinuity surfaces. This process is included in calculation of the direction and
magnitude of passive lateral earth pressure. Numerical results of the proposed algorithm are presented in
some practical dimensionless graphs.
© 2012 Sharif University of Technology. Production and hosting by Elsevier B.V.
Open access under CC BY-NC-ND license.1. Introduction
In this paper, the lower-bound method of limit analysis is
applied to include the earthquake effect, which is investigated
in producing some dimensionless charts for computing seismic
passive earth pressure. As stated in the lower-bound theorem,
if an equilibrium state of stress below yield can be found which
satisfies the stress boundary conditions, then the loads imposed
can be carried without collapse by a stable body composed of
elastic-perfectly plastic material [1,2]. Any such field of stress
thus gives a safe or lower bound on the collapse or limit load.
The stress field satisfying all these conditions is called the
statically admissible stress field.
The well-known Mononobe–Okabe analysis of seismic lat-
eral earth pressure was proposed by Mononobe andMatsuo [3]
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doi:10.1016/j.scient.2012.06.008and Okabe [4]. The analysis is a direct modification of the
coulombwedge analysis. In the analysis, the earthquake effects
are replaced by a quasi-static inertia force, whose magnitude
is computed based on the seismic coefficient concept [5,6]. As
in the Coulomb analysis, the failure surface is assumed planer
in the Mononobe–Okabemethod, regardless of the fact that the
most critical sliding surfacemay be curved. Similar to Coulomb,
the Mononobe–Okabe analysis may underestimate active earth
pressure and overestimate passive earth pressure. This solution
is therefore practically acceptable, at least in the active pressure
case, although its applicability to the passive pressure is some-
what in doubt [7,8].
Some other investigations have been performed by several
researchers to predict the passive earth pressure under both
static and seismic conditions. Using upper bound limit analysis,
Soubra [8] determined both static and seismic passive earth
pressure, considering the multi-block mechanism. Kumar and
Subba Rao [9], and Zhu and Qian [10] adopted the method
of slices to predict the passive earth pressure coefficients.
By taking the failure surface as a combination of the arc of a
logarithmic spiral and a straight line, Kumar [11] computed
passive earth pressure coefficients for an inclined wall in
the presence of horizontal pseudo-static earthquake body
forces. Using the method of stress characteristics, Kumar and
evier B.V. Open access under CC BY-NC-ND license.
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c cohesion
cw cohesion between soil and wall
Φ internal friction angle
Φw internal friction angle between soil and wall
γ soil unit weight
z height
Ppv vertical passive seismic lateral pressure
Pph horizontal passive seismic lateral pressure
Sa center point of Mohr-circle in zone A
Sb center point of Mohr-circle in zone B
ra radius of Mohr-circle in zone A
rb radius of Mohr-circle in zone B
Pa pole of zone-A
Pb pole of zone-B
α angle between Pb and the principle surface
β angle between Pa and the principle surface
δθ rotation angle of stresses from zones B to A
M intersection of Mohr-circles
Kh seismic coefficient
λ dimensionless parameter= γH/c
P seismic lateral force
p′ dimensionless parameter= p/Hc.
Chitikela [12] reported the seismic passive earth pressure
coefficients.
Choudhury and Nimbalkar [13] reported the seismic passive
earth pressure coefficients, as well the distribution behind a
vertical retaining wall, for different values of soil friction angle,
(φ), wall friction angle, (δ), horizontal earthquake acceleration
coefficient, (αh), vertical earthquake acceleration coefficient,
(αv), shear wave velocity, (Vs), and primary wave velocity, (Vp).
Lancellotta [14] explored the effects of φ, δ, αh, αv and wall
inclination (h) on seismic passive earth pressure using the
pseudo-dynamic approach. The limit equilibriummethod, with
a planar failure surface behind the retaining wall, has been
considered to compute the passive resistance of the wall. As
can be seen, the importance of passive earth pressure under
both static and seismic conditions, using the lower-bound
limit analysis approach, has not drawn much attention from
researchers.
In this paper, the following steps are investigated: first, the
lower bound of the limit analysis method and the principles of
this solution are defined. Second, the new formulations based
onmathematical relations are introduced and a comparison be-
tween results of this new analytical algorithm and the Rankine
method for a passive case is made. Finally, some practical di-
mensionless diagrams for calculating the seismic coefficient of
retaining walls for a passive case, with considerable accuracy,
are presented.
2. Lower bound of limit analysis theorems
Figure 1 shows a typical load-displacement curve as it might
be measured for a surface footing test. The curve consists
of an elastic portion; a region of transition from mainly
elastic to mainly plastic behavior; a plastic region in which
the load increases very little while the deflection increases
manifold; and, finally, a work-hardening region. In a case
such as this, collapse does not occur. However, to know the
load at which the footing will deform excessively has obviousFigure 1: Distinguishing of plastic limit load concept [9].
practical importance [15]. For this purpose, idealizing the soil
as a perfectly plastic medium and neglecting the changes in
geometry lead to a condition within which displacements can
increase without limit, while the load is held constant, as
shown in Figure 1. A load computed on the basis of this ideal
situation is called a plastic limit load [16,17]. This hypothetical
limit load usually gives a good approximation to the physical
plastic collapse load or the load at which deformations become
excessive. The methods of limit analysis furnish bounding
estimates to this hypothetical limit load [18,19].
The theorems of limit analysis can be established directly
for a general body if the body possesses the following ideal
properties:
1. The material exhibits perfect or ideal plasticity, i.e. work
hardening or work softening does not occur. This implies
that the stress point cannot move outside the yield surface.
2. The yield surface is convex and the plastic strain rates are
derivable from the yield function through the associated
flow rule.
3. Changes in the geometry of the body that occur at the limit
load are insignificant, hence, the equations of virtual work
can be applied.
In summary, the limit load is defined as the plastic collapse
load of an ideal body, having the ideal properties listed above,
and replacing the actual one. The lower-bound method of limit
analysis is different from the upper-bound method, in that
the equilibrium equation and yield condition instead of the
work equation and failure mechanism are considered [16].
Moreover, whereas the development of the work equation
from an assumed collapse mechanism is always clear, many
engineers find the construction of a plastic equilibrium stress
field to be quite unrelated to physical intuition.
The conditions required to establish such a lower-bound
solution are essentially as follows:
a. A complete stress distribution or stress field must be found,
everywhere satisfying the differential equation of equilib-
rium.
b. The stress field at the boundary anddiscontinuitiesmust sat-
isfy the stress boundary conditions.
c. The stress field must nowhere violate the yield condition.
3. Solution algorithm for passive case
Usually, in designing retaining walls, effects of passive earth
pressure are disregarded to be on the safe side, but regarding
some investigations into this title (Mononobe–Okabe [6],
Modified Dubrova method [20], Ghahramani–Clemence [21],
Upper bound (Chen) [4]), it is decided to prepare a discussion
to compute lateral passive pressure with our new method and
compare them, in order to see which of them leads to good
agreement.
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according to Mohr circles of zones A and B.The introduced method is just about computing passive
pressure in vertical slopes (if the slope of the wall changes, this
type of solution is not covered here).
The typical 2D wall geometry for the problem of this paper
is shown in Figure 2a. A statically admissible discontinuity
permits the tangential stress to be discontinuous, but requires
that the continuity of the shear and normal components is
preserved. The definition of stress discontinuity is shown in
Figure 2b, and the related Mohr circles of zones A and B are
shown in Figure 2c. Assuming a discontinuity surface, Figure 2
shows the stresses in the vicinity of the wall (zone A) and
beyond the discontinuity surface (zone B). The final target of
the calculations is leading to evaluation of PPh and PPv , which
are the stresses subjected to the earthquake affects on the wall.
In this solution, the following relation is assumed:cw
c
= tan(Φw)
tan(Φ)
,
in which c and Φ are known as the strength parameters of
the material; c represents the cohesion, and Φ represents the
angle of internal friction. cw is the cohesion and Φw is the
internal friction angle between thewall and soil. Knowing stress
quantities in element B, Figure 3 is drawn.
TheMohr circle center and radius are considered as Sa, Sb and
ra, rb, respectively, for zones A and B in Figure 2a. Passive earth
pressures are denoted as Pph and Ppv for horizontal and vertical
directions, respectively.
The soil is modeled by the Mohr–Coulomb yield criterion
with various values of friction angle and soil cohesion. In a direct
application of the Mohr–Coulomb criterion for plane strain
stability problems, it is implicitly assumed that the strength of
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Figure 4: Mohr circle in zone B.
the soil along the failure surface is fully mobilized everywhere
along the surface. This is because the specimen is generally so
small that the strain is practically considered uniform along
the failure surface, although boundary restraints do exist in
almost all tests. For simplicity, the effect of pore pressure on
the stability of cohesive-frictional soils has not been included
in this study. The position of the stresses of zone B is shown in
Figure 3. The relations of the Mohr circle center and radius of
zone-B can be expressed by the following equations:
r = (x+ c · cot∅) · sin∅, (1)
r =

(γ · z − x)2 + (Kh · γ · z)2. (2)
Combining Eqs. (1) and (2) results in:
(x+ c · cot∅)2 · sin2 ∅ = (γ · z)2 + (x)2 − (2 γ z) · (x)
+ (Kh · γ z)2 . (3)
Expanding Eq. (3) leads to:
(x)2 (sin2 ∅ − 1)+ x (2c · cos∅ sin∅ + 2γ z)
+ c2 · cos2 ∅ − (kh · γ z)2 = 0, (4)
where x = Sb. As Sb and rb are calculated, the Mohr circle of
zone-B is drawn (Figure 4).
In Figure 4, Pb is the pole of the Mohr circle of zone-B.
Computation of the angle between Pb and the principle surface
(α) in the Mohr-circle of zone B, using geometrical relations,
leads to the following equations:
tanα = Kh · γ z|sb − γ z| + rb . (5)
Substituting rb in the above equation leads to:
α = tan−1

Kh · γ z
|sb − γ z| +

(γ z − sb)2 + (Kh · γ z)2

. (6)
Dismounting the wall specifications, the assumed Mohr-circle
of zone-A is drawn (Figure 5). Using Figure 5 results in the
following equations:
ac
sin ρw
= bc
sinµ
, (7)Figure 5: Assumed Mohr circle in zone A.
Figure 6: β recognition.
bc
sin∅w =
oc
sin ρw
, (8)
dc
sin∅ =
oc
sin 90
& dc = bc ∴ bc
sin∅ =
oc
1
,
sin∅ = bc
oc
. (9)
Combining Eqs. (4) and (6) results in:
sin ρw = sin∅wsin∅ , (10)
2δ = ρw + ∅w,
δ = ρw + ∅w
2
. (11)
Consideringβ as an angle through the zone-A stress surface and
principle surface, the rotation angle of stresses from denoted
zones will become:
β = δ = ρw + ∅w
2
. (12)
From Figures 5 and 6, δθ is defined as the following equation
(Figure 7):
δθ = β − α.
Substituting α and β in the above equation leads to:
δθ = ρw + ∅w
2
− tan−1

Kh · γ z
|sb − γ z| + r

, (13)
in which δθ is the rotation angle of stresses from zone B to A.
Using the relation between two center points of Mohr-circles of
the zone, reported by Chen and Liu [2], the following equations
are derived:
Sb + C · cot∅
Sa + C · cot∅ =
cos (δθ − ρ)
cos (δθ + ρ) , (14)
sin ρ = cos δθ · sin∅, (15)
ra = (sa + c · cotφ) · sinφ. (16)
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Figure 8: Calculation results.
Knowing the quantities of ra and Sa, the Mohr-circle center
and radius of element A are derived. According to the stress
discontinuity theory, it is possible to find unknown stresses
from adjacent zones (for this situation, zone B), in which the
stresses are defined. A point is looked for which is coincident
on both the Mohr circle of zone A and the failure line between
the wall and soil. This point is the coordinate of (Pph, Ppv).
According to Figure 8, which depicts, with a line through, the
intersection point of circles (M) and pole B (Pb), and extending,
the pole of the Mohr-circle in zone A is appeared, which leads
to attaining the target.
In summary, the calculation algorithm of pph is defined as
follows:
1. Calculation of Sb, rb and α using Eqs. (2), (4) and (6).
2. Calculation of β using Eq. (12).
3. Determining the rotation angle between the Mohr-circles
(δθ = β−α) and thenusing Eqs. (14) and (16) for calculation
of Sa and ra.
4. Drawing the Mohr-circles, and finding the pole of the
element in zone A, which leads to calculation of pph.
The next section discusses the comparisons between this
mathematical solution and some other analytical methods,
which results in some tables.
4. Comparisons and numerical results
In this section, some results on static and seismic passive
pressures, as obtained by the present Analytical method, are
compared with well-known methods, such as Rankine theory
(for static case), Mononobe–Okabe, Ghahramani and Clemence,
Chen (upper boundmethod) andmodifiedDubrovamethod (for
seismic case), which leads to Tables 1 and 2. Comparing the
current results with other methods [22,23], good agreement
is found between them, where KPE is the seismic coefficient
in a passive case; as seen, the result of the current solution
is close to the other analytical methods. It can also be
conservative. Therefore, the method obtained can be appliedTable 1: Comparison of passive lateral pressure forφ = 30°,γ = 18 kN/m3
and Kh = 0.
C (kPa) Z (m) Rankine Analytical
10 0 34.64 34.6410 574.64 574.64
20 0 69.282 69.28210 609.282 609.282
30 0 103.923 103.92310 643.923 643.923
Table 2: Numerical comparison of solution of various analytical methods
for seismic passive earth pressure for vertical wall, ∅ = 40, ∅w = 23∅ and
Kh = 0.15.
Analytical methods KPE
Mononobe–Okabe [6] 16.42
Ghahramani–Clemence [21] 10.16
Lower bound (current study) 10.16
Upper bound (Chen) [2] 11.88
Modified Dubrova method [13] 16.43
Figure 9: Dimensionless diagram for calculating the passive seismic lateral
force, Kh = 0.1.
directly in practice, and one of the most useful applications
of this study is the possibility of introducing some practical
dimensionless diagrams for calculating the passive seismic
lateral pressure coefficient of retaining walls with considerable
accuracy. Figures 9–11 illustrate the passive seismic lateral
force in various quantities of friction angle and cohesion of the
soil and soil-wall. The dimensionless parameters presented are
defined as:
λ = γH/c, (17)
P ′ = P/Hc, (18)
where γ is the soil unit weight, H is the wall height, c is
the cohesion of the soil fill at the back of the wall, and P is
the seismic lateral force, which is affecting the wall. For each
seismic coefficient, the results for three different λ of 3, 5
and 10 are given. To account for the effect of cw and Φw , the
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force, Kh = 0.2.
Figure 11: Dimensionless diagram for calculating the passive seismic lateral
force, Kh = 0.3.
results are presented in terms of cw of 0.2, 0.3 and 0.8. Having
found these parameters for each problem, one can compute the
conservative seismic passive lateral force in a retaining wall.
As Figures 9–11 display, by increasing the soil friction angle,
the seismic passive force is increased. Figure 12 is a comparison
between the results for distinguishing the effect of cw/c; it
seems that for a given λ, the passive seismic force will increase
with increasing cw/c.
Also, from Figure 13, it seems that increasing λ leads to an
increase in passive seismic lateral force, and increasing kh leads
to a decrease in the seismic lateral force (P).Figure 12: Results comparison for distinguishing the effect of cw/c.
Figure 13: Results comparison for the effect of kh .
4.1. Example of application
Now, it is illustrated how the results in Figures 9–11 can be
used to determine the seismic passive lateral force.
Problem. A wall is built at the back of a soil which has the
following parameters: the height of the wall, H = 5 m; the soil
unit weight, γ = 15 kN/m3; the soil strength parameters, c =
10 kN/m2,Φ = 30; and the soil-wall cohesion, cw = 5 kN/m2.
For a seismic coefficient of kh = 0.1, what is the amount of
seismic passive lateral force?
A procedure for using the results of the presented study to
solve the foregoing problem can be summarized as follows:
1. From the value of γ , H and c , the dimensionless parameter,
λ = γH/c = 7.5, is calculated.
2. With kh = 0.1 and cw/c = 0.5, it follows that the results
presented in Figure 9a should be used to determine the force.
3. In Figure 9a, a straight-vertical line passing through λ = 7.5
is drawn. This straight line will intersect with three curves
from which the intersection point of the curve withΦ = 30
and cw/c = 0.5 is selected.
4. From this intersection point, it can back-figure the following
dimensionless parameter, P ′, from which the lower bound
solution of the seismic passive force can be calculated as
P = 1143.15 kN/m.
5. Conclusion
The passive seismic lateral pressures on a retaining wall are
investigated in this paper. An Analytical solution is introduced,
based on the lower bound limit analysis method, and the
solution is compared to the Rankine theory. The results are
close. Some practical dimensionless diagrams for calculating
the passive seismic force on retaining walls are presented, with
F. Askari et al. / Scientia Iranica, Transactions A: Civil Engineering 19 (2012) 967–973 973considerable accuracy. The results show that in the passive case,
by increasing the soil friction angle, the seismic active force is
increased as expected. Comparing diagrams, it is concluded that
for a given λ = γH/c , the passive seismic force will increase
with increasing cw/c. Also, it is found that an increase in λ leads
to an increase in the passive seismic lateral force. Comparing
diagrams for various quantities of kh, shows that an increase in
kh leads to a decrease in the passive pressure.
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